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Abstract. During a financial crisis, a central bank temporarily subsidizes the interest
rate so as to spur investment and output. This may backfire into bubbles as pure
monetary phenomena. These monetary bubbles differ from “natural” ones in three
important ways: i) They always add risk to asset returns and burst when monetary
easing ends; ii) They do not lift the interest rate and thus earn low expected returns;
iii) They always crowd out investment by draining resources from the most financially
constrained agents.

Introduction
An increasing number of observers contend that the very accommodative monetary policies that
have prevailed in advanced economies since 2008 have had the unintended consequences of blowing asset bubbles instead of spurring much needed real investment. This view has undoubtedly
gained significant traction since the housing boom that preceded the 2008 crisis, and even more
so since the Covid-19 crisis.1 Yet this narrative is commonly dismissed by economists and policy
makers as not grounded in theory, for at least three reasons. First, it is the expectation of forever
low real interest rates, beyond the control of monetary policy, that leads to rational bubbles. Second, rising bubbles should come with an increase in interest rates and expected returns, at odds
with the current environment. Finally, bubbles may actually crowd investment in when productive
firms face financial constraints (Farhi and Tirole, 2012a; Martin and Ventura, 2012; Hirano and
Yanagawa, 2016).
To be sure, a sizeable literature studies the interplay of monetary policy and bubbles.2 Bubbles
in this literature are not a monetary phenomenon, however. They arise because the natural interest
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rate—the one that would prevail in the presence of flexible prices—is sufficiently low to make
bubbles sustainable. This literature then studies how monetary policy should be modified to take
these “natural” bubbles into account.
By contrast, this paper introduces bubbles as a pure monetary phenomenon. Such “monetary”
bubbles are the unintended consequence of monetary easing in an economy in which bubbles
would be impossible were prices flexible and monetary policy deprived of real effects. Beyond
fitting a widespread narrative, monetary bubbles have several interesting features that distinguish
them from natural ones.
Our starting point is an environment that bears many similarities with that in Farhi and Tirole
(2012a). In our economy, the (endogenous) allocation of liquidity matters because capital markets
are plagued by informational frictions preventing firms from borrowing against their entire future
proceeds from investment. Particularly severe frictions may bring the interest rate on firms’ external funds to sufficiently low levels that bubbles can arise. Bubbles increase the supply of storage
vehicles thereby depressing their price—raising the interest rate. As in Farhi and Tirole (2012a), a
higher interest rate has an ambiguous impact on firms’ borrowing capacity. This borrowing capacity results from multiplying firms’ net worth by the leverage ratio that they can apply to it. Whereas
an increase in the interest rate boosts firms’ net worth, it also reduces their leverage ratio. As a
result, bubbles can be either good or bad for investment and entrepreneurs’ welfare.
We then consider a situation in which the natural interest rate in this economy—the one that
prevails if prices are flexible, is sufficiently high that such “natural” bubbles cannot arise. We
consider the situation in which monetary policy temporarily reduces the nominal rate, and the real
one as well given nominal rigidities, to spur investment and output. This may generate “monetary
bubbles” that differ from the natural ones in three significant and interesting ways.
First, whereas natural bubbles may (or may not) be safe assets, monetary bubbles must be
stochastic because they must burst when monetary easing (stochastically) ends and the real rate
reverts to its natural level. Thus monetary bubbles always add financial instability to the economy,
and amplify the impact of monetary policy on asset prices above and beyond the fluctuations in the
discount factor induced by that in the real rate.
Second, whereas natural bubbles lift the interest rate relative to the non-bubbly equilibrium and
earn the resulting higher return themselves, monetary bubbles once blown earn like all assets the
low interest rate temporarily imposed by monetary policy.
Third, whereas natural bubbles may be good or bad for investment, monetary bubbles are unambiguously always crowding investment out and reducing the utility of most productive but financially constrained agents. The positive effect of natural bubbles on firms’ net worth via a higher
interest rate is moot with monetary ones. Monetary bubbles only shift liquidity from constrained
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agents to unconstrained ones so the latter can buy the bubbles.
Given these properties, such monetary bubbles offer a natural rationalization of the common
narrative that low-policy rates may backfire into “bad” bubbles. Their low return and negative
impact on investment in particular, which are two sides of the same coin, fit well in an environment of low rates and compressed risk and liquidity premia in which business investment has yet
remained subdued. By contrast natural bubbles would boost returns before they burst and may
crowd investment in.

Related Literature
As mentioned above, this paper borrows from the model of “bubbly liquidity” in the presence of
financial constraints by Farhi and Tirole (2012a). We introduce simple New Keynesian ingredients
in their setup so that monetary policy has real effects via its temporary control of the real interest
rate. A modelling difference is that entrepreneurs’ endogenous endowment increases in the interest
rate here because high rates boost the output of their firms. As in Allen et al. (2018) or Gali (2014),
price setting in advance is the simple monetary friction that lends real effects to monetary policy.
This paper more broadly belongs to the literature that studies interest-rate policies as a tool
to boost collateral values in order to mitigate financial-market imperfections (Benmelech and
Bergman, 2012; Caballero and Simsek, 2020; Diamond and Rajan, 2012; Farhi and Tirole, 2012b).
This literature has emphasized how subsidizing the interest rate this way may backfire into various
forms of excessive risk taking. To our knowledge, we are the first to show that such excessive risk
taking may materialize into “bad” rational bubbles.
Finally, it is interesting to relate this paper to the intermediary asset pricing literature pioneered by He and Krishnamurthy (2012, 2013). In this literature, negative shocks to sophisticated
investors’ wealth negatively affects all asset prices. The very distinct impacts of natural and monetary bubbles on entrepreneurs’ net worth is also the main driver of their respective properties
here.
The paper is organized as follows. Section I presents our model, introducing natural bubbles
and discussing their properties. Section II introduces and studies monetary bubbles. Section III
concludes.

I. Natural bubbles and investment
This section introduces a simple monetary model in which financial frictions may lead to the
emergence of the same “bubbly liquidity” as that in Farhi and Tirole (2012a). Section A presents
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the setup. Section B solves for the non-bubbly steady state. Section C does so for the bubbly one
if any.

A. Setup
Time is discrete and indexed by t ∈ N. The economy is populated by private agents—households
and entrepreneurs, and by a monetary authority. All agents use the same currency as unit of
account only (“cashless economy”). Private agents consume a final good that they produce out
of a continuum of intermediate goods indexed by i ∈ [0, 1] using the technology
!
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where ! > 1.

Entrepreneurs. At each date, a unit mass of entrepreneurs are born and live for two dates. They
consume only when old, at which time they are risk neutral. Entrepreneurs are endowed with a
production technology and with an investment technology.
Production technology. Each date-t young entrepreneur i ∈ [0, 1] owns a technology that transforms L units of date-t labor into αL units of the date-t intermediate good i, where α > 0. The
technology fully depreciates after one production cycle.
Investment technology. Each date-t young entrepreneur owns a technology that transforms x date-t
consumption units into ρx date-t + 1 consumption units, where ρ > 1.
Households. A unit mass of households are born at each date, and live for two dates. Households
supply labor to firms when young. They rank bundles of consumption when young and old and
labor (CY , CO , L) according to the criterion
(2)

u(CY ) + βCO −

γL2
,
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where β ∈ (0, 1), γ > 0, and u′ exists and is a decreasing bijection over (0, +∞).

Monetary authority. The monetary authority announces at each date t the gross nominal interest
rate Rt at which it is willing to borrow from and lend to private agents between t and t + 1. It sets
Rt applying the interest-rate rule
!
#1+ψ
Pt
(3)
Rt = rt
,
Pt−1
where rt is the real rate of interest implied by households’ rate of intertemporal substitution, ψ > 0,
and Pt is the date-t price of the consumption good. We take P−1 > 0 as exogenously given.
Frictions. The economy is plagued by two frictions, a financial one and a monetary one.
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Assumption 1. (Financial friction: Limited pledgeability) An entrepreneur can divert all or part
of the proceeds from her investment and consume a fraction 1 − λ of the diverted proceeds, where
λ ∈ (0, 1).
This financial friction will induce credit rationing that may give rise to bubbles under some
circumstances. The second friction is a nominal rigidity ensuring that monetary policy has real
effects in the presence of uncertainty.3 We simply assume that entrepreneurs must set the prices of
intermediate goods in advance:
Assumption 2. (Monetary friction: Prices are set in advance) Young date-t entrepreneur i ∈
[0, 1] sets the price for the date-t intermediate good i that she produces using the information set
available at t − 1.
Finally, we impose the parameter restriction
! 2 #
α βρ
′
(4)
u
≤ βρ,
γ
and will explain its role in due course.

B. Non-bubbly equilibrium
We define a perfect-foresight equilibrium as a situation in which private agents optimize with
perfect foresight, markets clear, and inflation remains bounded.4
This economy admits a unique perfect-foresight equilibrium without bubbles that we now solve
for. Standard arguments detailed in Appendix A.1 imply that given the Taylor rule (3), any perfectforesight equilibrium with non-exploding inflation must be such that the price level is constant,
equal to P−1 . Appendix A.1 also shows that a non-bubbly perfect-foresight equilibrium must be a
steady state, and so we drop the time subscript here for simplicity.5
Given perfect foresight, the information set is constant and the monetary friction immaterial:
The economy is identical to a flexible-price one. Appendix A.1 shows that profit maximization by
entrepreneurs when producing the intermediate goods implies that the real wage w must satisfy:
(5)

w=

α(! − 1)
.
!
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Section II introduces uncertainty.
This latter restriction is only meant to address the well-known criticism of the elusive terminal condition that
applies to any model of inflation determination with the Taylor rule (Castillo-Martinez and Reis, 2019, e.g.).
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Denoting r the real interest rate, households solve:
(6)

max u(CY ) + βCO −

CY ,CO ,L

γL2
2

s.t.
(7)

CY +

CO
= wL,
r

where CY , L ≥ 0.6 Optimal labor supply yields

wu′ (CY ) = γL,

(8)
and the Euler equation is

u′ (CY ) = βr.

(9)

Combining (5), (8), and (9) yields the following expression for households’ savings
wL − CY :
(10)

wL − CY = δ(! − 1)r − φ(βr),

where
(11)
(12)

α2 β(! − 1)
δ≡
,
!2 γ
φ ≡ (u′ )−1 .

Combining (5), (8), and (9) again yields entrepreneurs profit from producing the intermediate good,
(13)

(α − w)L = δr,

that they entirely invest. Adding up (10) and (13) yields a simple expression of aggregate savings
as a function of the interest rate:
(14)

S(r) ≡ δ!r − φ(βr).

Entrepreneurs invest I = 0 in their investment technology if r > ρ, and I = +∞ if r ≤ λρ.
For r ∈ (λρ, ρ) they invest I such that their incentive-compatibility constraint and the participation
constraint of households bind. Incentive compatibility requires that they hold a stake larger than
1 − λ in their projects, and so investment size solves
(15)

λρI
= I − δr.
r
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For brevity we do not impose C0 ≥ 0. Alternatively one could endow households with a sufficiently large income
when old (e.g., from selling labor).
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Condition (15) states that the funds I − δr borrowed from households by entrepreneurs—equal to
total investment I minus entrepreneurs’ net worth δr—must be equal to the pledgeable part of the
investment’s payoff λρI discounted at r. This implies a simple function of investment as a function
of r:
(16)

I(r) ≡

δr2
.
r − λρ
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Figure 1: Investment and interest rate in the non-bubbly equilibrium

Figure 1 depicts the graph of I(r) which is strictly decreasing over (λρ, ρ] if λ ≥ 1/2 and admits
a unique minimum at 2λρ otherwise. The very same two forces as in Farhi and Tirole (2012a) are
at play in shaping entrepreneurs’ investment capacity I(r). This capacity is driven both by their
net worth δr and by the leverage ratio 1/(1 − λρ/r) that applies to it. As r increases, so does
their net worth since this spurs labor supply and thus entrepreneurs’ profits.7 This also negatively
affects their leverage ratio as they can finance a fraction at most equal to λρ/r, decreasing in r, of
the proceeds from investment with external funds. If λ ≥ 0.5, the negative leverage effect always
more than offsets the net worth effect. If entrepreneurs are more constrained (λ < 0.5), the positive
net-worth effect dominates for sufficiently high net worth, that is, when r ∈ [2λρ, ρ]. The reason
is that the marginal positive effect of an increasing rate on entrepreneurs’ net worth is constant,
whereas the marginal negative effect on leverage decreases with respect to r, and so the former
may prevail for a sufficiently large rate.
7

In Farhi and Tirole (2012a), entrepreneurs’ net worth increases with respect to the interest rate because they must
store an exogenous endowment at this rate before investing. Their endowment endogenously increases with respect to
r here.

7

Savings equal investment in equilibrium. The three dashed lines in Figure 1 illustrate three
possibilities for the graph of aggregate savings S(r) depending on parameter values. In any case,
market clearing pins down a unique equilibrium (r, I). It may be such that r ≤ ρ and I = I(r)
given by (16), or such that r > ρ and I = 0. In this latter case entrepreneurs find loans to
households preferable to investment. There is also an intermediate situation in which r = ρ and
entrepreneurs’ incentive-compatibility constraint is slack (I < I(r)). The following proposition
collects these results and offers a simple comparative statics property.
Proposition 1. (Non-bubbly equilibrium) There exists a unique non-bubbly equilibrium with perfect foresight. If r < ρ, investment is constrained: (15) is binding. If r > ρ, entrepreneurs lend to
households rather than invest. It may also be that r = ρ and (15) is slack.
Output αL = δ!r, interest rate r, and investment I increase with respect to λ other things
being equal.
Proof. See Appendix A.1.
As the pledgeability λ of entrepreneurs’ ventures decreases, this reduces their ability to lever
up their net wealth, which both reduces their investment capacity and raises the price of storage
vehicles (depresses the interest rate) as the supply of such vehicles by entrepreneurs shrinks. Lower
returns on savings in turn reduce life-long returns from supplying labor which depresses output.
The parameters of the model are (!, α, ρ, λ, β, γ, φ(.)). Define
$
$
%%
α2 βr
(17)
r = max λρ; inf r |
≥ φ(βr)
.
γ

Notice that r̄ depends on all these parameters but !, and that (4) implies that the inequality in (17)
is satisfied at ρ. The following proposition shows that holding all these parameters but ! fixed,
the equilibrium interest rate spans (r, ρ) as ! spans (!, +∞) for some ! > 1. In particular, r is
the lower bound on the values that the real rate r can reach. It corresponds to the limit of perfect
competition among entrepreneurs ! → +∞.
Proposition 2. (Equivalence between r and !) Fix (α, ρ, λ, β, γ, φ(.)). For each r ∈ (r, ρ) there
exists a unique elasticity of substitution between intermediate goods η(r) > 1 such that the nonbubbly equilibrium of the economy with parameters (η(r), α, ρ, λ, β, γ, φ(.)) features the real rate
r. η(r) is a decreasing one-to-one mapping between (r, ρ) and (η −1 (ρ), +∞).
Proof. See Appendix A.2.
The results in Proposition 2 will be instrumental in Section II. They will imply that the real
effects of a temporary control of the real rate by the monetary authority are exactly the ones that
would prevail if it could instead temporarily control !.
8

C. Bubbly steady state
If ρλ < 1 then clearly parameters can also overall be such that r < 1, in which case there is
room for bubbles in this fixed-size economy. It is worthwhile stressing that, as in Farhi and Tirole
(2012a), the economy is always dynamically efficient as the overall return on assets is ρ > 1. The
low return on external funds induced by financial frictions creates space for bubbles, though.
We focus here on the “bubbly steady state”: the (unique) situation in which a constant-size
bubble is refinanced at the unit interest rate.8
Since ρ > 1, the non-bubbly perfect-foresight equilibrium, if it is such that r < 1, must also be
such that investment is given by entrepreneurs’ binding financial constraint:
(18)

I(r) =

δr2
= δ!r − φ(βr),
r − λρ

and so the bubbly steady state features a bubble with size B that solves
(19)

δ
= δ! − φ(β) − B.
1 − λρ

Condition (19) states that investment equates savings net of investment in a bubble B at the unit
interest rate.9 The right panel in Figure 2 shows bubble size as the wedge between savings and
investment at r = 1.
The remainder of the paper deems “natural” these bubbles that arise because the natural interest
rate is smaller than one, as opposed to the purely monetary bubbles studied in Section II that will
grow (and burst) despite higher natural rates.
Output is unambiguously higher in the bubbly steady state than in the non-bubbly equilibrium
as it increases to δ! from δ!r.
Comparing investment at bubbly and non-bubbly steady states, Figure 2 shows that the rise
of a bubble always crowds investment out when λ ≥ 0.5 but crowds it in if λ < 0.5 and r is
sufficiently large.10 The intuition is that the bubble affects investment via its impact on the interest
rate, moving the steady state along I(r). The respective impacts of r on entrepreneurs’ net worth
and leverage are as described above.
8

It is well-know that there is a plethora of bubbly dynamics whereby an initial bubble keeps shrinking as it is
refinanced at interest rates strictly smaller than one. Also, bubbles may burst stochastically and new bubbles may
stochastically arise at each date.
9
To fix ideas, we suppose that the bubble is initialy issued by old households at date 0.
10
The left panel in Figure 2 illustrates crowding out when the non-bubbly steady state is at E and crowding in when
it is at E ′ .

9

<latexit sha1_base64="617V0Hbhu1W6EmO6Xs8BOv5fiZI=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxov2AdinZNNuGJtklyQpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3md56o0iySj2YaU1/gkWQhI9hk0kNVnQ/KFbfmzoFWiZeTCuRoDspf/WFEEkGlIRxr3fPc2PgpVoYRTmelfqJpjMkEj2jPUokF1X46v3WGzqwyRGGkbEmD5urviRQLracisJ0Cm7Fe9jLxP6+XmPDaT5mME0MlWSwKE45MhLLH0ZApSgyfWoKJYvZWRMZYYWJsPCUbgrf88ippX9S8y5p7X680bvI4inACp1AFD66gAXfQhBYQGMMzvMKbI5wX5935WLQWnHzmGP7A+fwBR+KNvQ==</latexit>

I

S(r)

I

<latexit sha1_base64="xOuGlvSKZPjWJtATfJw+sRyAcGc=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix60VsL9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHssHM07Qj+hA8pAzaqxUv++Vym7FnYEsEy8nZchR65W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NDp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasJrP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbIo2BG/x5WXSPK94lxW3flGu3uRxFOAYTuAMPLiCKtxBDRrAAOEZXuHNeXRenHfnY9664uQzR/AHzucPoE+M0Q==</latexit>

<latexit sha1_base64="xOuGlvSKZPjWJtATfJw+sRyAcGc=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix60VsL9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHssHM07Qj+hA8pAzaqxUv++Vym7FnYEsEy8nZchR65W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NDp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasJrP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbIo2BG/x5WXSPK94lxW3flGu3uRxFOAYTuAMPLiCKtxBDRrAAOEZXuHNeXRenHfnY9664uQzR/AHzucPoE+M0Q==</latexit>

<latexit sha1_base64="Xu66g5LGRBLewdb3fNxsmUfZH+o=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquVPRY9KK3CvYD2qVk02wbmmSXJCuUpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33miSrNIPpppTH2BR5KFjGCTSfdVdT4oV9yaOwdaJV5OKpCjOSh/9YcRSQSVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SyUWVPvp/NYZOrPKEIWRsiUNmqu/J1IstJ6KwHYKbMZ62cvE/7xeYsJrP2UyTgyVZLEoTDgyEcoeR0OmKDF8agkmitlbERljhYmx8ZRsCN7yy6ukfVHzLmvuQ73SuMnjKMIJnEIVPLiCBtxBE1pAYAzP8ApvjnBenHfnY9FacPKZY/gD5/MHOEiNsg==</latexit>

I(r)
B
<latexit sha1_base64="GhpMcjwk04DxWuWu4PpQVdlQDhI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeiz14rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZq1Pqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDWz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LivedcVtXJWrtTyOApzCGVyABzdQhXuoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBlgeMyw==</latexit>

E
<latexit sha1_base64="Jz6A/dEiQKA7BGFLg7RtpqPW9OE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeiyK4LEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfzsrq2vrGZmGruL2zu7dfOjhs6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WDGSfoR3QgecgZNVaq3/VKZbfizkCWiZeTMuSo9Upf3X7M0gilYYJq3fHcxPgZVYYzgZNiN9WYUDaiA+xYKmmE2s9mh07IqVX6JIyVLWnITP09kdFI63EU2M6ImqFe9Kbif14nNeG1n3GZpAYlmy8KU0FMTKZfkz5XyIwYW0KZ4vZWwoZUUWZsNkUbgrf48jJpnle8y4pXvyhXb/I4CnAMJ3AGHlxBFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHmuWMzw==</latexit>

E0
<latexit sha1_base64="qJLYiHFFd6etf7WIdnreSHRgGTI=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ6KomIeiyK4LGK/YA2lM120i7dbMLuRiih/8CLB0W8+o+8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2l5ZXVtvbBR3Nza3tkt7e03dJwqhnUWi1i1AqpRcIl1w43AVqKQRoHAZjC8mfjNJ1Sax/LRjBL0I9qXPOSMGis93J50S2W34k5BFomXkzLkqHVLX51ezNIIpWGCat323MT4GVWGM4HjYifVmFA2pH1sWypphNrPppeOybFVeiSMlS1pyFT9PZHRSOtRFNjOiJqBnvcm4n9eOzXhlZ9xmaQGJZstClNBTEwmb5MeV8iMGFlCmeL2VsIGVFFmbDhFG4I3//IiaZxVvIuKd39erl7ncRTgEI7gFDy4hCrcQQ3qwCCEZ3iFN2fovDjvzsesdcnJZw7gD5zPH/sqjQA=</latexit>

<latexit sha1_base64="E6CcVoJNAz3WYhdnde4RCpone2I=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuiG5cV7ANmhpLJZNrQTDIkGaEM/Qw3LhRx69e4829M21lo64HA4Zxzyb0nyjjTxnW/ncra+sbmVnW7trO7t39QPzzqapkrQjtEcqn6EdaUM0E7hhlO+5miOI047UXju5nfe6JKMykezSSjYYqHgiWMYGMlP+A2GuNAjeSg3nCb7hxolXglaUCJ9qD+FcSS5CkVhnCste+5mQkLrAwjnE5rQa5phskYD6lvqcAp1WExX3mKzqwSo0Qq+4RBc/X3RIFTrSdpZJMpNiO97M3E/zw/N8lNWDCR5YYKsvgoyTkyEs3uRzFTlBg+sQQTxeyuiIywwsTYlmq2BG/55FXSvWh6V0334bLRui3rqMIJnMI5eHANLbiHNnSAgIRneIU3xzgvzrvzsYhWnHLmGP7A+fwBXXiRTg==</latexit>

⇢

rI
<latexit sha1_base64="r/FnWoBS5/XIo9QEoMPF8fj4M1A=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj0oreK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoZuq3nlBpHstHM07Qj+hA8pAzaqz0oHp3vVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindeqd5flGvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QMoOo22</latexit>

<latexit sha1_base64="itEWllbztIfpaFjyvuF0ghbEiEg=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4GmbEogsXRTcuK9gHTIeSyWTa0EwyJHeEUvoZblwo4tavceffmLaz0NYDgcM555J7T5QJbsDzvp3S2vrG5lZ5u7Kzu7d/UD08ahuVa8paVAmluxExTHDJWsBBsG6mGUkjwTrR6G7md56YNlzJRxhnLEzJQPKEUwJWCnrCRmNy47n1frXmud4ceJX4BamhAs1+9asXK5qnTAIVxJjA9zIIJ0QDp4JNK73csIzQERmwwFJJUmbCyXzlKT6zSowTpe2TgOfq74kJSY0Zp5FNpgSGZtmbif95QQ7JdTjhMsuBSbr4KMkFBoVn9+OYa0ZBjC0hVHO7K6ZDogkF21LFluAvn7xK2heuX3e9h8ta47aoo4xO0Ck6Rz66Qg10j5qohShS6Bm9ojcHnBfn3flYREtOMXOM/sD5/AEX85B4</latexit>

r

r

<latexit sha1_base64="kkYfHEkJaFTdmfjaYt65H6sssaw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUUP1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5oVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTcmG4C2/vEpaF1Xvquo2Liu12zyOIpzAKZyDB9dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/gfP4A3nOM+g==</latexit>

1 ⇢
< 0.5
<latexit sha1_base64="h9U9GbYOM1m/jysYDrO+Cd6991k=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVtXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBe++MuQ==</latexit>

<latexit sha1_base64="kkYfHEkJaFTdmfjaYt65H6sssaw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUUP1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5oVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTcmG4C2/vEpaF1Xvquo2Liu12zyOIpzAKZyDB9dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/gfP4A3nOM+g==</latexit>

1
0.5
<latexit sha1_base64="h9U9GbYOM1m/jysYDrO+Cd6991k=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVtXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBe++MuQ==</latexit>

<latexit sha1_base64="E6CcVoJNAz3WYhdnde4RCpone2I=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuiG5cV7ANmhpLJZNrQTDIkGaEM/Qw3LhRx69e4829M21lo64HA4Zxzyb0nyjjTxnW/ncra+sbmVnW7trO7t39QPzzqapkrQjtEcqn6EdaUM0E7hhlO+5miOI047UXju5nfe6JKMykezSSjYYqHgiWMYGMlP+A2GuNAjeSg3nCb7hxolXglaUCJ9qD+FcSS5CkVhnCste+5mQkLrAwjnE5rQa5phskYD6lvqcAp1WExX3mKzqwSo0Qq+4RBc/X3RIFTrSdpZJMpNiO97M3E/zw/N8lNWDCR5YYKsvgoyTkyEs3uRzFTlBg+sQQTxeyuiIywwsTYlmq2BG/55FXSvWh6V0334bLRui3rqMIJnMI5eHANLbiHNnSAgIRneIU3xzgvzrvzsYhWnHLmGP7A+fwBXXiRTg==</latexit>

<latexit sha1_base64="iRKkxiy3PQCblF0ktbBTBS9x+fg=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF48RzAOSJcxOZrND5rHMzAoh5Be8eFDEqz/kzb9xNtmDJhY0FFXddHdFKWfG+v63V1pb39jcKm9Xdnb39g+qh0dtozJNaIsornQ3woZyJmnLMstpN9UUi4jTTjS+y/3OE9WGKfloJykNBR5JFjOCbS71daIG1Zpf9+dAqyQoSA0KNAfVr/5QkUxQaQnHxvQCP7XhFGvLCKezSj8zNMVkjEe056jEgppwOr91hs6cMkSx0q6kRXP198QUC2MmInKdAtvELHu5+J/Xy2x8E06ZTDNLJVksijOOrEL542jINCWWTxzBRDN3KyIJ1phYF0/FhRAsv7xK2hf14KruP1zWGrdFHGU4gVM4hwCuoQH30IQWEEjgGV7hzRPei/fufSxaS14xcwx/4H3+ACD+jks=</latexit>

⇢
<latexit sha1_base64="2qmDjayT5bv9vNSWl4s4ExNTyAQ=">AAAB9XicbVDLSsNAFL3xWeur6tLNYBFchUQsuiy6cVnBPqCNZTK5aYdOHsxMlBL6H25cKOLWf3Hn3zhts9DWAwOHc87l3jl+KrjSjvNtrayurW9slrbK2zu7e/uVg8OWSjLJsMkSkciOTxUKHmNTcy2wk0qkkS+w7Y9upn77EaXiSXyvxyl6ER3EPOSMaiM99ISJBrQ3QOLYtX6l6tjODGSZuAWpQoFGv/LVCxKWRRhrJqhSXddJtZdTqTkTOCn3MoUpZSM6wK6hMY1Qefns6gk5NUpAwkSaF2syU39P5DRSahz5JhlRPVSL3lT8z+tmOrzych6nmcaYzReFmSA6IdMKSMAlMi3GhlAmubmVsCGVlGlTVNmU4C5+eZm0zm23Zjt3F9X6dVFHCY7hBM7AhUuowy00oAkMJDzDK7xZT9aL9W59zKMrVjFzBH9gff4AKtGRog==</latexit>

⇢
<latexit sha1_base64="iRKkxiy3PQCblF0ktbBTBS9x+fg=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF48RzAOSJcxOZrND5rHMzAoh5Be8eFDEqz/kzb9xNtmDJhY0FFXddHdFKWfG+v63V1pb39jcKm9Xdnb39g+qh0dtozJNaIsornQ3woZyJmnLMstpN9UUi4jTTjS+y/3OE9WGKfloJykNBR5JFjOCbS71daIG1Zpf9+dAqyQoSA0KNAfVr/5QkUxQaQnHxvQCP7XhFGvLCKezSj8zNMVkjEe056jEgppwOr91hs6cMkSx0q6kRXP198QUC2MmInKdAtvELHu5+J/Xy2x8E06ZTDNLJVksijOOrEL542jINCWWTxzBRDN3KyIJ1phYF0/FhRAsv7xK2hf14KruP1zWGrdFHGU4gVM4hwCuoQH30IQWEEjgGV7hzRPei/fufSxaS14xcwx/4H3+ACD+jks=</latexit>

Figure 2: Investment in the bubbly steady state

Proposition 3. (Natural bubbles and investment) The bubbly steady state exists if and only if the
non-bubbly one is such that r < 1. Output is higher under the bubbly steady state than under the
non-bubbly equilibrium. So is investment if and only if 2λρ < 1 and r ≥ rI , where rI < 1 solves
I(rI ) = I(1).
Households’ utility is higher in the bubbly steady-state than in the non-bubbly equilibrium
whereas that of entrepreneurs may or may not be higher.
Proof. See Appendix A.3.
Given the purpose of the paper, the important result in this section is that natural bubbles can be
either good or bad for investment and for entrepreneurs’ welfare. We now show that bubbles as a
pure monetary phenomenon are by contrast always detrimental to investment and entrepreneurs.

II. Monetary Bubbles
This section assumes that this economy experiences two consecutive regimes. There is first a
“financial crisis” during which entrepreneurs face very tight financial constraints. This crisis ends
stochastically and is followed by perpetual “normal times” during which entrepreneurs’ projects
have a higher pledgeability.
Formally, we introduce two departures from the model in Section I. First, we posit that the
fraction λ of their investment that entrepreneurs can pledge is a stochastic process. It starts out
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with a value λc at date -1. At each subsequent date t ≥ 0, it remains at this value with probability
p ∈ [0, 1), or snaps to λn > λc with probability 1 − p, in which case it stays equal to this value
forever after. Second, we study monetary policies of the type

(20)

&
'= r̂ ∈ (r, ρ)
)
*1+ψ
Rt
( = rt P t
Pt−1

during the financial crisis,
afterwards,

where r is defined in (17) for λ = λc .

We restrict the analysis to equilibria in which no uncertainty remains after the financial crisis
ends.11 We also restrict the analysis to the case in which ! ≥ 2. This corresponds to the realistic
situations in which the labor share in output is larger than 50%.
Proposition 4. (Non-bubbly equilibrium) There exists a unique non-bubbly equilibrium with perfect foresight after the crisis. The price level is constant, equal to P−1 during both the crisis and
normal times. During the crisis, the real rate is r̂, and the equilibrium is identical to the nonbubbly equilibrium described in Proposition 1, in which the original value of ! is replaced with
η(r̂).
Proof. See Appendix A.4.
Proposition 4 highlights two interesting features of the non-bubbly equilibrium. It first shows
that the central bank’s commitment to a Taylor rule in future normal times suffices to pin down
the price level during the crisis. As a result, the central bank has temporary but full control over
the real interest rate during the crisis. Second, Proposition 4 formulates simply the real effects of
monetary policy implied by such full control: The economy behaves exactly as if the central bank
could choose ! during the crisis.
Corollary 5. (Output and investment during the crisis in the non-bubbly case) In the non-bubbly
equilibrium, output αL and investment I during the crisis are the following functions of r̂:
,
+
α2 βρλ
4γφ(βr̂)(r̂ − ρλ)
(21)
αL =
1+ 1+
,
2γ
α 2 β 2 ρ2 λ 2
(22)

I = αL − φ(βr̂).

Two values r < r̂ < r̂′ < ρ may lead to the same output. In this case investment is strictly higher
under r̂′ .
11

This naturally extends perfect foresight to this economy in which there is fundamental uncertainty before the crisis
ends.
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Proof. See Appendix A.5.
Remark on the goals of monetary policy. The remainder of the paper will focus on situations
in which a sufficiently low value of r̂ may give rise to bubbles during the crisis. We do not take a
particular stand on the motives for such monetary accommodation as we are mostly interested in
its consequences for financial stability. The comparative statics with respect to λ in Proposition 1
show however that output and investment would fall during the financial crisis due to severe credit
rationing (λc < λn ) if monetary policy consisted in a simple Taylor rule (3). One natural motive
for distorting the rate during the crisis is then to spur investment and output during the crisis. The
expressions in Corollary 5 imply that if ρλ is sufficiently small and u sufficiently close to linear (φ′
is large in absolute terms), then output and investment decrease with respect to r over (r + ω, ρ) for
ω arbitrarily small. This rationalizes a low value of r̂ as a policy that spurs investment and output.

A. Financial Repression and Monetary Bubbles
Let us denote rc and rn > rc the respective natural rates of the economy during the crisis and in
normal times.12 In the equilibrium described in Proposition 4, the rate rn prevails after the crisis
whereas so does rc during the crisis if and only if monetary policy is neutral in the sense that it
tracks the natural rate: r̂ = rc = η −1 (!). The remainder of the paper restricts the analysis to
parameter values such that 1 < rc < rn < ρ. In this case, there cannot be any bubble if monetary
policy is neutral (r̂ = rc ) since the rate is larger than 1 both during the crisis and in normal times.
This economy thus sets a clear benchmark in which there is no room for natural bubbles.
If the central bank pursues other objectives during the crisis, however, such as for example
spurring investment and output, then it may find it optimal to set r̂ sufficiently low that it creates
room for bubbles. Clearly such bubbles must have two properties:
1. They must burst (no later than) at the end of the crisis because perfect foresight after the
crisis implies that the real interest rate must snaps back to its natural value rn > 1 and stays
there forever after. Notice that this does not depend on the particular specification (20) for
monetary policy;
2. They must grow at an expected rate equal to the rate r̂ at which the central bank is willing to
borrow and lend.
12

Formally, these are the rates that would prevail in the perfect-foresight equilibria in Proposition 1 if λ was deterministic, equal to λc and λn respectively. That rn > rc stems from λn > λc and the comparative statics in Proposition
1.
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These remarks imply that there can be bubbles only during the crisis, and in this case only if r̂ ≤ p
so that the expected return can reach r̂ even though bubbles burst with probability at least 1 − p.
We have
Proposition 6. (Monetary bubbles are always bad for investment and entrepreneurs) There exists
equilibria with bubbles if and only if r̂ ≤ p. In such equilibria bubbles earn an expected return
r̂ and burst before the end of the crisis. Output and households’ utility are higher than in the
non-bubbly equilibrium, whereas investment and entrepreneurs’ utility are lower.
Proof. See Appendix A.6.
There are three major differences between natural and monetary bubbles:
1. Whereas natural bubbles may be risk-free assets, monetary bubbles must be stochastic and
thus always add risk to the economy as the monetary authority cannot distort the real rate
forever. They burst at the latest when monetary easing ends. Such strong negative reactions
to the tightening of monetary policy are reminiscent of the “taper tantrum” episode of 2013.13
2. Natural bubbles raise the expected return on assets whereas monetary bubbles do not affect
it since the monetary authority controls it.
3. Finally, natural bubbles may be either substitute or complement to investment, and good or
bad for entrepreneurs. By contrast a monetary bubble always crowds out investment and
reduces entrepreneurs’ utility.
This latter crowding-out result may be explained as follows. We have seen in Section I that natural
bubbles positively or negatively affect investment because they raise the interest rate. Monetary
bubbles leave by contrast the interest rate unchanged, and can thus only affect the economy via
their effect on quantities in the market for investable funds. One can represent the impact of a
real date-t bubble bt on quantities in capital markets a follows. It is as if it induced a new date-t
elasticity of substitution !bt given by
(23)

δ(!bt )r̂2
= δ(!bt )!bt r̂ − φ(βr̂) − bt ,
r̂ − λρ

where δ(x) = α2 β(x − 1)/(x2 γ) is decreasing over [2, +∞) whereas xδ(x) is increasing. Condition (23) states that savings net of the bubble bt must be equal to investment at date t. The proof of
Proposition 6 shows that !bt ≥ η(r̂), and that this entails in turn that investment must be lower in
13

Asset markets were ultimately not significantly affected during this episode after an initial small panic because
the Federal Reserve quickly clarified its tapering plans.
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the presence of a bubble bt > 0 than in its absence.14 Intuitively, it is possible to squeeze bubbles
on top of investment projects only if households overall have more investable funds. This must
come at a reduction in the implicit capital share relative to the non-bubbly equilibrium (!bt ≥ η(r̂))
which always negatively affects investment because it reduces entrepreneurs’ net wealth.
Natural bubbles affect r whereas monetary ones affect !. A compact way of stating the difference between natural and monetary bubbles is that the former affect r whereas the latter affect !.
In the absence of bubble, the equilibrium condition that I = S reads:
(24)

δ(!)r2
= δ(!)!r − φ(βr),
r − λρ

where ! is the actual elasticity of substitution and r the equilibrium interest rate. The presence of a
natural bubble b leaves ! of course unchanged but affects the equilibrium interest rate, which jumps
to a value r′ > r:
(25)

δ(!)r′2
= δ(!)!r′ − φ(βr′ ) − b.
′
r − λρ

Both output, and thus total savings, and entrepreneurs’ savings increase. Investment may or may
not increase. The presence of a monetary bubble b leaves the interest rate unchanged but replaces
the actual elasticity of substitution with a “shadow” one !′ > !:
(26)

δ(!′ )r2
= δ(!′ )!′ r − φ(βr) − b.
r − λρ

This leads to an increase in total savings and a reduction in both entrepreneurs’ savings and investment.
Bubbles and the financial transmission of monetary policy. A growing literature15 documents
that one important channel through which monetary policy asserts itself is by its impact on risk and
liquidity premia in financial markets. Monetary easing compresses these premia and thus expected
returns. This fact would be difficult to reconcile with natural bubbles that earn a high return
themselves and boost the expected return on all assets. By contrast monetary bubbles initially
boost the prices of the assets to which they are attached when they blow at date 0 but then earn a
low expected return as they lead to an overall reduction in the supply of private storage vehicles by
entrepreneurs.16
Bubble-proof monetary policy. The monetary authority can guarantee that no monetary bubble
arises by setting the interest rate above p, or more generally above q ≤ p if it reverts to a Taylor
14

This stems from the LHS of (23) being decreasing in " and the RHS increasing.
See Drechsler et al. (2018) for a recent survey.
16
Bubbles are not attached to a particular asset here but it would be straightforward to add a “tree” to which they
would be, as in Tirole (1985).
15
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rule with probability 1 − q . There is therefore a tradeoff between the “no-bubble” lower bound on
r̂ and the horizon over which the central bank commits to it, where this horizon may be interpreted
as that of a forward-guidance policy.

B. Non Pledgeable Monetary Bubbles
The results in Proposition 6 crucially rely on the standard assumption in New Keynesian models
that all agents can seamlessly trade bonds with the monetary authority (yet, as is the case here, there
is typically no trade in equilibrium). Whereas this assumption may be construed as an acceptable
first approximation, it is admittedly unrealistic, as central banks do not lend without limits against
any assets in practice. Only a limitative list of financial instruments are acceptable collateral, even
though the 2008 and COVID-19 crisis have both led many monetary authorities to expand this list.
Furthermore, admissible collateral is subject to haircuts.
This section simply accounts for this imperfect diffusion of monetary policy in all the corners
of the financial system by studying the polar case in which the private sector has no access to
central-bank loans during the crisis.
Assumption 3. (Restrictions to the central bank’s lending facilities) The private sector can lend
to but not borrow from the monetary authority during the crisis.
This stark assumption is for simplicity, and the milder one that only a subset of agents cannot
borrow during the crisis would yield similar results. Notice that although the private sector does
not lend to the central bank (equivalently, purchase reserves) in equilibrium, one need to specify
the use of the proceeds by the central bank off the equilibrium path. We posit that the central bank
rebates them lump sum to young agents.
The following proposition states that this assumption implies that the monetary authority can
only impose a lower bound on asset returns during the crisis. As a result, monetary bubbles may
like natural ones earn an expected return larger than r̂. Yet monetary bubbles still always go against
investment in the following sense.
Proposition 7. (Non-pledgeable bubbles)

• There exists equilibria in which the interest rate is strictly above r̂ during the crisis.
• For every equilibrium with bubbles during the crisis, there exists a non-bubbly equilibrium
with the same interest rate, less output and more investment.
Proof. See Appendix A.7.
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Proposition 7 makes two points. First, the central bank cannot pin down the real rate during
the crisis, only put a lower bound on it. This gives rise to equilibria, bubbly or not, with a rate
above r̂, and opens up the possibility of bubbles that push up the interest rate during the crisis.
The second point is that these bubbles still are detrimental to investment in the sense that for each
bubbly equilibrium, there exists a non-bubbly one with the same path of interest rates and more
investment. The intuition is exactly the same as that in Proposition 6: Holding the interest rate
fixed, bubbles crowd out investment and spur output.

III. Concluding remarks
This paper is an attempt at illustrating the widespread narrative that low policy rates aiming at
stimulating an economy plagued by severe financial frictions may backfire into bubbles that crowd
out investments with superior returns. Such bubbles as pure monetary phenomenons starkly differ
from natural ones in three interesting ways. First, they cannot be safe as they cannot last forever,
and so they always add risk to the economy. Second, they are compatible with an environment of
low expected returns and earn low expected returns themselves once blown. Finally, unlike natural
bubbles that may be either good or bad for investment, monetary bubbles always hurt the most
productive but constrained agents of the economy by diverting resources away from them.
A natural route for future research consists in analyzing the ex-ante impact, during non-bubbly
normal times, of the anticipation that monetary policy will be conducive to such monetary bubbles
during future crises. Guerron-Quintana et al. (2020) show, in a real model, that the mere anticipation of future bubbles crowds out investment and is therefore detrimental to growth in such
non-bubbly normal times.
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Appendix
A.1. Proof of Proposition 1
Price level. Combining the Euler equation under perfect foresight and the interest rule yields for
all t ≥ 0
!
#1+ψ
Pt
Pt+1
(A.1)
=
.
Pt−1
Pt
The only price path that satisfies this and does not lead to exploding inflation rates is thus such that
Pt = P−1 for all t ≥ 0.

Furthermore, given perfect foresight, the information set is constant, and so the fact that prices
are set in advance is immaterial: The economy is identical to a flexible-price one.
Entrepreneurs. Entrepreneurs produce and invest optimally. Regarding optimal production first,
when posting price Pi , entrepreneur i ∈ [0, 1] at date t faces demand Yi = Yt (P−1 /Pi )" , where Yt
is the output of the final good. Taking the nominal wage Wt as given, profit maximization then
reads
(A.2)

max Pi Yi −
Pi

W t Yi
,
α

and Pi = P−1 in equilibrium yields the real wage
(A.3)

wt = w =

α(! − 1)
,
!

and so the profit rate per unit of labor is
(A.4)

µt = µ = α − w =

α
.
!

Regarding optimal investment, given a real rate rt and their profit from production µLt , date-t
entrepreneurs choose their own investment a in their technology, the total investment size I , and a
stake in the proceeds RE that solve
(A.5)

max {RE + rt (µLt − a)}

{a,I,RE }

s.t.
(A.6)
(A.7)
(A.8)

ρI − RE ≥ rt (I − a),
RE ≥ (1 − λ)ρI,

a ∈ [0, µLt ], I ≥ a,
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where (A.6) is the participation constraint of the households and (A.7) the incentive-compatibility
constraint of the entrepreneurs. The former constraint can be rewritten as RE − rt a ≤ (ρ − rt )I ,
implying that I = a = RE = 0 if ρ < rt . It also implies that if ρ > rt , then entrepreneurs
maximize I . Combining (A.7) and (A.6) yields (rt − λρ)I ≤ rt a. Thus the program has no
solution if rt ≤ λρ. Otherwise, a = µLt , RE = (1 − λ)ρI , and I = µLt /(rt − λρ). Finally, if
ρ = rt , then any I ∈ [0, µLt /[ρ(1 − λ)] solves the program with any RE = ρa ≥ (1 − λ)ρI .
Households. Date-t households can trade bonds with entrepreneurs or and the central bank and so
given a real rate rt they solve:
(A.9)

max u(CY ) + βCO −

CY ,CO ,L

γL2
2

s.t.
(A.10)

CY +

CO
= wL,
rt

where CY , L ≥ 0. Optimal labor supply yields
(A.11)

wu′ (CY ) = γL,

and optimal consumption yields
(A.12)

u′ (CY ) = βrt .

As seen in the body of the paper, this yields that households’ savings are δ(! − 1)rt − φ(βrt ) and
that of entrepreneurs δrt .
From Walras’ Law, equilibrium only requires that the bond market clears. A zero net position
of the monetary authority implies that there are three possible situations:

• It = 0 and rt = r = φ(βr)/(δ!) > ρ;
• rt = r ∈ (ρλ, ρ) and I(r) = δ!r − φ(βr), where I(r) is given by (16);
• rt = ρ and I ∈ [0, I(ρ)].
Notice in particular that I(r) = δ!r − φ(βr) admits a unique solution because the RHS has a larger
slope than the LHS for r ≤ ρ.

The comparative statics w.r.t. to λ directly result from the RHS of I(r) = δ!r − φ(βr) being
increasing in r, independent of λ whereas the LHS increases with respect to λ and its graph crosses
that of the RHS from above.
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A.2. Proof of Proposition 2
From Proposition 1, a perfect-foresight equilibrium in which entrepreneurs are financially constrained is characterized by five real variables (CY , L, I, w, r) that are in turn determined by five
conditions:

(A.14)

!−1
,
!
wu′ (CY ) = γL,

(A.15)

u′ (CY ) = βr,

(A.16)

wL − CY + (α − w)L = I =

(A.13)

w=α

(α − w)Lr
.
r − ρλ

Fix r ∈ (r, ρ). We show that there exists a unique ! > 1 that yields to an equilibrium interest rate
r given the other parameters (α, β, γ, λ, ρ, φ(.)). Conditions (A.14) and (A.15) yield CY and w as
functions of L and r. Injecting these in (A.16) yields in turn
(A.17)

γL2
− αρλL − φ(βr)(r − ρλ) = 0,
β

which has a unique positive solution in L. The unique ! is then given by (A.13) and (A.14)—
α(! − 1)/! = γL/(βr), and this requires that γL/(βr) < α. This is true because the LHS of
(A.17) is strictly positive for L = αβr/γ and r > r by definition of r.
Since the above mapping ! = η(r) is clearly continuous, the image of (r, ρ) is an interval. The
fact that every ! is associated with a unique equilibrium given the other parameters implies that
it must be monotonic. The fact that r → r when ! → +∞ implies that η is decreasing over an
interval of the form (!, 1). This latter result stems from letting ! → +∞ in I(r) = δ!r − φ(βr)
holding r fixed.

A.3. Proof of Proposition 3
All that is left from the body of the paper is the impact of the bubble on utilities. The only impact
of bubbles on households’ decision making is that they face a higher interest rate, which increases
their utility from the application of the envelope theorem to their program (A.9). Entrepreneurs’
utility is
(A.18)

(ρ − r)I =

(ρ − r)δr2
.
r − λρ

If the bubbles reduces I then it reduces their utility since it also raises r. Consider the case in which
λ < 0.5 and r = 2λρ. In this case, entrepreneurs’ utility is higher in the presence of a bubble if
20

and only if:
(A.19)

(ρ − 1)δ
≥ 4ρ2 (1 − 2λ)δλ,
1 − λρ

which holds if λ is sufficiently close to 0.5 all else equal.

A.4. Proof of Proposition 4
We first show that the price level is constant, equal to P−1 . Suppose that the crisis ends at a given
date T . The economy is then in the equilibrium described in Proposition 1 from T on, except that
entrepreneurs have set their date-T prices before discovering the end of the crisis. The interestrate rule (3) implies again that Pt = PT −1 for all t ≥ T . Since there is always a strictly positive
probability that the crisis will end at date t, the only price levels that are consistent with the initial
P−1 and this relation after the crisis are constant prices, equal to P−1 .
This implies that the real rate is r̂ ∈ (r, ρ) during the crisis, during which entrepreneurs
accommodate the demand for their intermediate goods at the preset price P−1 given the market wage as long as they do not incur losses by doing so. The market wage is in turn given by
{(A.14);(A.15);(A.16)} given r̂. From Proposition 2, the market wage is then the one that would
prevail in a flexible-price equilibrium with elasticity of substitution η(r̂).

A.5. Proof of Corollary 5
Letting y = r(! − 1)/!, one can write the capital-market equilibrium condition δr2 /(r − λρ) =
δ!r − φ(βr) as
(A.20)

y 2 − ρλy −

γ
φ(βr)(r − ρλ) = 0,
α2 β

which has a unique positive solution in y , a function of r equal to
.
ρλ(1 + 1 + 4γφ(βr)(r − ρλ)/[β(αρλ)2 ])/2. The output is equal to δ!r = α2 βy/γ and investment is output minus φ(βr), which yields the expressions in the corollary.
That φ(βr)(r−ρλ) need not be monotonic over (r, ρ) implies that two rates may yield the same
output. That φ(βr) is decreasing implies that the largest of the two generates more investment.
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A.6. Proof of Proposition 6
Suppose r̂ ≤ p. In the absence of a bubble, the implicit elasticity of substitution η(r̂) is the unique
solution in x to
(A.21)

δ(x)r̂2
= δ(x)xr̂ − φ(βr̂),
r̂ − λρ

where δ(x) = α2 β(x − 1)/(x2 γ) is decreasing over [2, +∞) whereas xδ(x) is increasing.

There can clearly not be any bubble left as monetary easing ends because the real rate is strictly
larger than one. We show that there can be bubbles during the crisis by constructing one that arises
at date 0 with real value b0 (issued by old agents to fix ideas) and then grows at the rate r̂/p ≤ 1
during the crisis and pops out when it ends. There are of course many other feasible bubbly paths
but we are only interested in exhibiting a simple one here. For b0 > 0 sufficiently small, there
exists by continuity a unique !0 > r̂ such that:
(A.22)

δ(!0 )r̂2
= δ(!0 )!0 r̂ − φ(βr̂) − b0 .
r̂ − λρ

One can then for each t ≥ 0 define bt+1 = r̂bt /p ≤ bt and !t+1 that solves (A.22) in which
bt+1 replace b0 . That !t > η(r̂) implies that output is larger in the presence of this bubble than
in the non-bubbly equilibrium, investment smaller, and that the labor share is larger. Given that
the interest rate r̂ is not affected by the bubble, the utility of households increases and that of
entrepreneurs (equal to (ρ − r̂)I ) decreases.

A.7. Proof of Proposition 7
There is a floor r̂ on the interest rate during the crisis since any agent can earn this from lending
to the central bank. There is however no cap and the interest rate can be above r̂. It actually may
even be above ρ in which case there is no investment during the crisis.
The result that given the interest rate r, a bubble raises the output and households’ utility
whereas it reduces investment and entrepreneurs’ utility stems from the exact same reasoning as
that in the proof of Proposition 6 with r in lieu of r̂.
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